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e ABSTRACT

> A 3
~) B P L AT
- We deactibe;‘systems of conservation laws with the property that the shock
I?
and rarefaction curves coincide. We givesnew examples of such systems. These

A

systems isolate and separate many nonl inear aspects of shock waves.
The author bel ieves that analytical techniques which handle problems of
uniqueness, continuous dependence or convergence of finite difference schemes in

these systems, would isolate components in a corresponding anal ysis required for

general systems of conservation laws. /5 ,.,.,L . M)%&/ y
/{\
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Key Words: degenerate conservation laws, hyperbol ic singularities, non-strict
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L SIGNIFICANCE AND EXPLANATION

The Cauchy problem for a system of conservation laws in one dimension is the

probl em
= u + flu), =0,
v (1)
.. u(x,0) = ug(x) ,
.\ where us= (“1' coe, \111) = “(x't) v f = (f1’ ceey fn) and X € R' t > 0. S\nh

equations arise in appl ications of gas dynamics, elasticity, oil reservoir
a simul ation and other areas of engineering when diffusion is neglected. In

solutions of (1), information travels at speeds )‘1 given by the eigenvalues of
of

the matrix a’ i=1 ..., n. Since this matrix depends on u, the speeds
2 A depend on the solution, and this leads to the formation of discontinuities

i

called shock waves. Shock waves introduce many nonl inear phenomena. For this
reason, fundamental issues such as uniqueness and continuous dependence of
solutions on the initial data remain unresolved. One severe aspect of the
nonl inearities of shock waves is that in general, when two shock waves of the

same family collide, waves in other families spontaneously appear. In this paper

- we describe systems of conservation laws which arise in appl ications, and for

which this aspect of the nonl inearities of shock waves is not present. New

examples of such systems are given. These degenerate systems isolate and

N separate nonlinear effects. The author bel ieves that certain analytical
techniques developed for these systems would isolate components in a

corresponding analysis required for general systems of conservation laws.

DO N
v fo te T e e

The responsibility for the wording and views expressed in this descriptive
summary lies with MRC, and not with the author of this report.
]
‘| -
L
L &

. P
e - e T e BRI AR AT S
AP, U . i PR SR YL W




j DEGENERATE SYSTEMS OF CONSERVATION LAWS

Blake Temple

We summarize and simplify some of the results in (17, 18] which give a theory
for the systems of conservation laws which have the property that the shock and
rarefaction curves coincide. These systems have milder nonlinearities than
systems of conservation laws in general, and represent the simplest setting in
which hyperbolic singularities can appear. Moreover, examples of such systems
arise in many applications (1,4,5,6,8,12,14,16]. For these systems, as is the
case for a scalar conservation law, the nonlinearities affect the wave speeds,
but no reflected wave appears after interactions (cf. 15]. The wave speeds are,
however, coupled in these systems, a phenomenon not present in scalar
conservation laws. Thus systems with coinciding shock and rarefaction curves are
a reasonable place for studying some of the problems that appear difficult in the
general setting of conservation laws.

The shock and rarefaction curves coincide in a characteristic family if the
rarefaction curves are straight lines (line field) or level curves of the
eigenvalue (contact field). Thus for 2 x 2 systems of conservation laws, there
are generically three classes of systems with coinciding shock and rarefaction
curves: those with two contact fields (class I), those with one line and one
contact field (class II) and those with two line fields (class III). Moreover,
under suitable assumptions, these systems cannot be transformed into equations

which are either linear or uncoupled.

Sponsored by the United States Army under Contract No. DAAG29-80-C~0041. This
material is based upon work supported by the National Science Foundation under
Grant No. DMS-8210950, Mod. 1.
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Below we give conditions on the flux functions which are necessary and

LR AL )

sufficient for determining the systems in the above classes (we record here the
fact, omitted in (17,18], that there exist nonlinear coupled systems with two

contact fields which are in conservative form).

St

*

In [19] it is proved that for systems lying outside the class of systems

oy 2, 4

with coinciding shock and rarefaction curves, the solutions are not L’-

-
3
N contractive in any metric. It would be interesting to locate the systems within

the above classes which are L‘-contractive.

Continuous dependence of solutions on the initial data is not known for

general systems of conservation laws. It would be interesting to obtain

continuous dependence or uniqueness results for systems in class I, II or III.

In {11,15] it is shown that certain finite difference schemes are total

g variation diminishing for systems in class III; in classes I and II more serious

numerical diffusion occurs, and this result is not true. It would be interesting

if one could estimate the diffusion in approximate solutions generated by finite

difference schemes for equations in classes I or I1I.

We now summarize and simplify the results in [17,18] regarding systems of

conservation laws with coinciding shock and rarefaction curves.

> Let

Uy + F(U), =0 (1)

denote an n x n system of conservation laws. Let ()A,R) denote a real

eigenfield for dF, meaning that

dF « R = AR,

A e R. Let M denote any 1-dimensional c3-manifold in U=-space. We say that

the shock and rarefaction curves coincide on M if M is an integral curve of

. an eigenvector R, and for every U4,U; ¢ M, Uy is in the Hugoniot locus of U,

i.e.,
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5[01 - UZJ - [F(U1) - F(Uz)] é, }f‘:
gé
1
for some scalar 8. The following theorem characterizes the coincidence of shock A : ;?
ATNEY

and rarefaction curves:

RN, R EARARE & AP

THEOREM 1. The following are equivalent regarding a 1-dimensional c?

manifolda M:

(i) The shock and rarefaction curves coincide on M.

ML NN
-
-

.
- "*\ iy
,j (i1) M 1is either a straight line in U~space or else simultaneously an 5}. é?
~ [R,¥ %, £
- Y
- integral of R and a level curve of A for (A,R) a real eigenfield %?\:th
o Ay
I for 4dF. !
OIS
g (1ii) System (1) reduces to a scalar conservation law on M. AN
y A A
A . ‘.“‘.‘.:":.‘.
. Here condition (iii) is explained by the following definition: RN
RGN A

DEFINITION. System (1) reduces to a scalar conservation law on a 1-manifold M

in U-space if in a neighborhood of each point on M there exists a coordinate

e

system ¢ and a scalar conservation law

P

o

+

3 g + £luly = 0 (2)
- such that, if U = g(u), u(x,t) 1is a weak solution of (2) if and only if

ot ¢ *» u(x,t) is a weak solution of (1).

‘ For condition (iii), f£'(u) = A + g(u) in the case that the coordinate
system u is taken to be a component of U {18].

The main step in the proof of Theorem 1 is the following simple lemma. Let

; u(g), 51 <E < 52, be a regular C3-parameterization of a c3 1-manifold M

f such that U(E) = a(§)R, & ¢ R, where (A,R) is a real eigenfield for dF. Let
. R(E) = R(U(E)), A(E) = A(U(E)).

i LEMMA. If U(f) 1lies in the Hugoniot locus of a point U; for all

: £ € (£,,6,), then

() (V(E) = U ] » N(E) = 0 (3)
; . for all ¢ r (51,52), and all vectors N(£) such that N(E) « R{(E) = 0.




Thus condition (3) says that either X =0 and ) is constant on M, or
(U(E) = UL) « N(E) = 0 for all £ and N(£), which implies that M is a

straight line in U-space [18].

Proof. Let [U] = U(§) - U, (F] = F(U(§)) - F(Up). Then by assumption
s[uv)l = (F] , (4)
where s = s(E) is a ¢? function of £ since (U] and (F] are.
Differentiating (4) gives
s(ul + s =20, (5)
and differentiating again gives
5[U) + 280 + sU = R0 + U . (6)
Taking the inner product of both sides of (5) with N(E) gives
E S[U(E) = U ] « N(E) =0 . (7
Now by (7), if [U] « N(E) # 0 (i.e., (U] is not parallel to U), then
s = 0, and (5) gives s = A. Putting these two conditions into (6) yields
l A0 = BU) .
Thus whenever (U] + N(£) # 0, we must have - 0, and so we can conclude that
Atug) ~u) - NE) =0
for all E.
We now restrict our attention to 2 x 2 systems (1). In this case, let
v = (u,v), F= (f,g), and let p, q denote Riemann invariants for (1), by which
we mean any c2 function on U-space whose level curves are integral curves of a
real eigenvector field of AdF.

DEFINITION. System (1) has a contact field in a neighborhood U of U-gpace if

there exists a Riemann invariant q defined in U, Vg ¥ 0, such that the level
curve q = A 1is an integral curve of R for some eigenfield (A,R) of 4dF.

Note that VYq # 0 implies that any system having a contact field is not

linear, and is not a nonlinear transformation of a linear system.
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DEFINITION. System (1) has a line field if there exists a Riemann invariant gq, :§:¢Q -4
el

Vq # 0, such that q = const. is a line of slope q = %%1 i.e., tﬁ:&;%:
» \' LY

q, +ady = 0. (8) —

Note that Vq ¥ 0 implies that any system having a line field does not uncouple
in this field. (In an uncoupled field, the integral curves are straight lines of
congtant slope.)
We prove the following simple theorems which give necessary and sufficient
conditions for a 2 x 2 sgystem to have a line or a contact field.
THEOREM 2. A 2 x 2 system of conservation laws has a contact field if and only
if
f = ug + F(q) (9)
g =vq + Glq) (10)
for some smooth functions F and G.
PROOF. The function q is a Riemann invariant of a contact field if and only if
qlu] = [f] , (11)
qlvl = (gl , (12)
for all jumps at g = const. But (11) and (12) hold if and only if
(f =gqu] =0, (13)
g =qv] =0, (14)
for all jumps at g = const.; and this is equivalent to
f = ug + F(q) ,
g =vq + G(q) .
THEOREM 3. A 2 x 2 sgystem of conservation laws has a line field if and only if

g = fq + H(q)

for some smooth function H, and some smooth solution q of Burgers equation AN
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PROOF. A smooth solution q of (15) is a Riemann invariant if and only if the
value of 3 at (u,v) is the slope of the integral curve of a line field
through (u,v). Thus by Theorem 1, a smooth solution q of (15) is a Riemann
invariant for system (1) if and only if

sfu) = [£f] ,

siv] = iq) ,
for some scalar s, whenever

[v]

=— =q .

[u]
But this condition is equivalent to

for all jumps at q = const., which holds if and only if
[qf = g] =0
for all jumps at g = const. This final condition is equivalent to
g = gf + H(q)
for some smooth function H and some smooth solution q of (15).
The following corollaries characterize the systems in classes I, II and III:

COROLLARY 1. A 2 x 2 system of conservation laws has two independent contact

fields with Riemann invariants p and q if and only if

"

f

ug + Fq(q) = up + Fy(p) , (16)

g = vqg + Gy(q) = vp + Gyp(p) , (17)
for some smooth functions Fy, Gy, Vp # Vq. Conditions (16) and (17) hold if and

only if p and q as functions of u and v are given by the inverse of the

map

F.(q) = F,(p)
(u) - ( 1 2 ) 1 (18)
v G,(q) = G, () P =-q




A e S T At e e NS N St AR AR O Y S gt S ahar gl 2t S i e R R AR G A A (i AbLEige St it dosc g ntiant sk
BRI

N et -

PROOF. Statement (16) and (17) follow directly from Theorem 2, and (18) is
obtained by solving for u and v 4in (16) and (17).

We can use (18) to construct a 2 x 2 nonlinear coupled system of
conservation laws having two contact fields as follows: choose F;(w) = wz,

Gi(w) = w3 for i = 1,2. 1In this case

=-(q + p)
(3)=( 2 2) . (19)
(g +pg+p)

We can invert (19) by obtaining p = =(g + u) from the first equation in (19)
and substituting this into the second equation. By solving the resulting

quadratic equation in q, we obtain

- % /4y - 3u2

P 1

) =32 — ] (20)
-u ¥ ¥~4v - 3u

Choosing =- for p and + for g in (20), we obtain £ = -u? - v and

g = u3 + uv by substituting (20) into (16), (17). Thus the 2 x 2 system
u, - (u? + v), =0
t X ’
3 (21)
Ve ¥ (u” +uv), =0,
has two contact fields with wave speeds p and q given by (20).

COROLLARY 2. A 2 x 2 sgystem of conservation laws has one contact field and one

line field if and only if

Hh
L}

(u + a)q , (22)

g= (v +blq, ©o(23)

for some constants a, b, and some smooth function q@ of u and v. 1In this

case gq 1is the wave speed and Riemann invariant for the contact field, and

v +b
p= u + a (24)

is the Riemann invariant of the line field which satisfies (15).

-7-
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PROOF. (See (2.10)-(2.18) of [17]).)

Systems of type (22), (23) with a = b = 0 have arisen in applications, and

were studied in [5,8,16].

COROLLARY 3. A 2 x 2 system of conservation laws has two independent line

fields if and only if

H, (p) - H_(q)
f = ! 2 P (25)
q-=p

qH,(p) - sz(q)
g = (26)
q-=PpP

for some smooth functions Hy and H,, and two smooth independent solutions

p and a of (15).

PROOF. By Theorem 3, system (1) has two independent line fields if and only if

g fp + Hy(p) (27)

and

g = fq + Hy(q) (28)
for smooth independent solutions p and gq of (15). Thus solving for f and

g in (27), (28) gives (25), (26).

The system

for 0 ¢k <1, u>0, v>0, is an example of a system in class III arising in
the study of multicomponent chromatography [1,14].

Acknowledgement: Thanks to Rich Sanders for working out example (21) with me.




(1

{2}

(S

R

I. --
I-‘
kS
>

3]

(4]

(5]

(6]

(7]

L TTAeT

v ¥ _ ¥ ¥ W
.« v

(8]

{9l

“LTep Y.V T T v

(10]

1 ,l' .

£
.

- [11]

BIBLIOGRAPHY
Aris, R. and Amundson, N., Mathematical Methods in Chemical Engineering,
Vol. 2, Prentice=-Hall, Inc., Englewood Cliffs, New Jersey.
Courant, R. and Friedricks, K. 0., Supersonic Flow and Shock Waves, Wiley,
New York, 1948.
Glimm, J., "Solutions in the large for nonlinear hyperbolic systems of
equations", Comm. Pure Appl. Math., 18 (1965), 697-715.
Helfferich, F. and Klein, G., Multicomponent Chromatography, Marcel Dekker,
Inc., New York, 1970.
Isaacson, E., "Global solution of a Riemann problem for a non-strictly
hyperbolic system of conservation laws arising in enhanced oil recovery”,
J. Comp. Phys., to appear.
Isaacson, Eli and Temple, Blake, "Analysis of a singular hyperbolic system
of conservation laws", to appear.
Isaacson, E., Marchesin, D., Plohr, B. and Temple, B., "Classification of
quadratic Riemann problems I", in preparation.
Keyfitz, B. and Kranzer, H., "A system of non-strictly hyperbolic
conservation laws arising in elasticity theory", Arch. Rat. Mech. Anal., 72
(1980).
Lax, P. D., "Hyperbolic systems of conservation laws, II", Comm. Pure Appl.
Math., 19 (1957), 537-566.
Lax, P. D., "Shock waves and entropy", in Contributions to Nonlinear
Functional Analysis, ed. E. H. Zarantonello, Academic Press, New York,
1971, 603-634.
LeVeque, Randall J. and Temple, Blake, "Stability of Godunoris method for a
class of 2 x 2 sgystems of conservation laws", Trans. Amer. Math. Soc.,

Vol. 288, No. 1, March 1985.

A SARMA i e AT A ER MO G N e S R A S AR A SO A A g A AR Tl e A R g e i A




.-
PRI

R

20

O AN

y

R i S &
ey

Ty Ve
! "-' s

(12]

(13]

(14]

[15]

(16]

{17]

(18]

[19]

LAY

Liu, T. P. and Wang, C. H., "On a hyperbolic system of conservation laws
which is not strictly hyperbolic®, MRC Technical Summary Report #2184,
December 29, 1980.

Peaceman, D. W., Fundamentals of Numerical Reservoir Simulation, Elsevier
North=-Holland, Inc., 52 Vanderbilt Avenue, New York, NY 10017.

Rhee, H., Aris, R. and Amundson, N. R., "On the theory of multicomponent
chromatography”, Phil. Trans. Roy. Soc., A267, 419 (1970).

Serre, Dennis, "Bounded variation solutions for some hyperbolic systems of
conservation laws", Jour. Diff. Equn. (to appear).

Temple, Blake, "Global solution of the Cauchy problem for a class of

2 x 2 non-strictly hyperbolic conservation laws”, Adv. Appl. Math., 3
(1982), 335-375.

Temple, Blake, "Systems of conservation laws with coinciding shock and
rarefaction curves", Contemporary Mathematics, Vol. 17 (1983).

Temple, Blake, "Systems of conservation laws with invariant submanifolds",
Trans. Amer. Math. Soc., Vol. 280, No. 2, December 1983.

Temple, Blake, "No Lji-contractive metrics for systems of conservation

laws®", Trans. Amer. Math. Soc., No. 2, April 198S5.

LTSI i e

P NP S a

g

YA o
o snAle

-
v

LSl JaF Sl el
"-'-"."n

%%}




i ) s
LI N A A / AN LY - ~ A AR L WY U N Y S S ed 3 o «~NdUE TTOORTIFTRTY

-

LM

SECURITY CLASSIFICATION OF THIS PAGE (When Data Entered)

y READ INSTRUCTIONS
. REPORT DOCUMENTATION PAGE pEp AP INSTRUCTIONS AR
- 1. REPORT NUMBER 2. GOVT ACCESSION NO.| 3. RECIPIENT'S CATALOG NUMBER AT A
- .b .- ‘-
L [ YA S S
- # 28 68 A - r .';\',t$._$
':. 4. TITLE (and Subtitle) 5. TYPE OF REPORT & PERIOD COVERED :-‘ oy o
-Pha®
o te Svst £ e tion La Summary Report - no specific D
: 0! n
" egenerate Systems of Conservation Laws reporting period ._!g:-:_!
A 8. PERFORMING ORG. REPORT NUMBER e
.. s
::: 7. AUTHOR(s) 8. CONTRACT OR GRANT NUMBER(®) | :{:.\.:'.:-
A RSN
Blake Temple DAAG29-80-C-0041
DMS-8210950, Mod. 1.
9. PERFORMING ORGANIZATION NAME AND ADDRESS 10. PROGRAM ELEMENT. PROJECT, TASK N
- Mathematics Research Center, University of work Unit N "er 1
610 Walnut Street Wisconsin Applied Analwy"bsis
Madison, Wisconsin 53705
11. CONTROLLING OFFICE NAME AND ADDRESS 12. REPORT DATE
- September 1985
o (See Item 18 below) 5. NUMBER OF PAGES
10
4 WMONITORING IGENCY NAME & ADDRESS(if different from Controlling Otfice) | 15. SECURITY CLASS. (of this report)
- UNCLASSIFIED
s 15a. DECL ASSIFICATION/DOWNGRADING
SCHEDULE
- 6. DISTRIBUTION STATEMENT (of this Report)
R Approved for public release; distribution unlimited.
7
17. DISTRIBUTION STATEMENT (of the abstract entered In Block 20, it diiferent from Report)
18. SUPPLEMENTARY NOTES
[ U. S. Army Research Office National Science Foundation
P. O. Box 12211 Washington, DC 20550
- Research Triangle Park
North Carolina 27709
19. KEY WORDS (Continue on reverse side if necessary and identily by block numbder)
degenerate conservation laws, hyperbolic singularities, non-strict .
hyperbolicity, chramatography i
: e E
., 20. ABSTRACT (Continue on reverse side If necessary and identify by block number) !'.'"T"T!
¢ We describe systems of conservation laws with the property that the shoc \:\\‘:
and rarefaction curves coincide. We give new examples of such systems. These .
N systems isolate and separate many nonlinear aspects of shock waves. AT
- The author believes that analytical techniques which handle problems of L0
¥ uniqueness, continuous dependence or convergence of finite difference schemes NN
~ in these systems, would isolate camponents in a corresponding analysis re- L,—;._.!
- quired for general systems of conservation laws, ORI
. KN '_\‘:-.' .
. ~ ol
. FORM -~ ON
" EONT (] ] RO
- DD ,\ax 72 1473 ITION OF 1 NOV 65 1S OBSOLETE UNCLASSIFIED ‘__._:{‘:_.
SECURITY CLASSIFICATION OF THIS PAGE (When Data Entered) Fo R




I - O e

. -.-M..l.-. -.‘-.‘ ' h\h“.-“!\-- Ay 4y
<7 & ' -.~..—W.Mu-.. [
ety Y




